Let d be a divisor of a positive integer n. Then d is a unitary divisor if d and njd are relatively prime, and d is a bi-unitary divisor if the greatest common unitary divisor of d and njd is 1. An integer is bi-unitaty perfect if it equals the sum of its proper biunitary divisors. The purpose of this paper is to show that there are only three bi-unitary perfect numbers, namely 6, 60 and 90.
Abstract.
Let d be a divisor of a positive integer n. Then d is a unitary divisor if d and njd are relatively prime, and d is a bi-unitary divisor if the greatest common unitary divisor of d and njd is 1. An integer is bi-unitaty perfect if it equals the sum of its proper biunitary divisors. The purpose of this paper is to show that there are only three bi-unitary perfect numbers, namely 6, 60 and 90.
A divisor d of an integer n is a unitary divisor if d and njd are relatively prime. A divisor d of an integer n is a bi-unitary divisor if the greatest common unitary divisor of d and njd is 1. Let <r(n) be the sum of the divisors of n, let be the sum of the unitary divisors of n, and let a**(n) be the sum of the bi-unitary divisors of «.
We say that A'is unitary perfect if a*(N)=2N. Subbarao and Warren [2] showed that 6, 60, 90 and 87360 are the first four unitary perfect numbers;
Wall reported [3] that 146,361,946,186,458,562,560,000 = 2183-547 11 13-19-37-79-109-157-313 is also unitary perfect and later showed [4] it to be the next such number after 87360. Subbarao [1] has conjectured that there are only finitely many unitary perfect numbers.
We say that N is bi-unitary perfect if a**(N)=2N. The purpose of this paper is to show that the first three unitary perfect numbers, i.e., 6, 60 and 90, are the only bi-unitary perfect numbers.
One easily verifies that <?** is multiplicative and that if p is prime and
if e is odd, and a**(p<) m (p<+i -\)l(p -1) -/>«/a if e is even. Hence a**(n)^a{n) with equality if and only if every prime which divides n does so an odd number of times. It also follows immediately that a**(n) is odd if and only if n is 1 or a power of 2; consequently, each odd prime power unitary divisor of n contributes at least one factor 2 to c**(n). which requires that /? = 2l'+1-3+2/(l + 2b)>X112, whence p = X, contradicting the fact that X is composite. Thus any prime that divides X must divide M exactly twice. Then 1 +p-*=f(p*)^f (M) requires that p*>X. Hence X has no more than three distinct prime factors, and (A,30)=l. But X=(2b-l)(l+2»+1), so one of the factors must be prime. As (X, 3)=1, we must have b odd. With the restriction that b be odd, either 2" -1 = 1 (mod 10) and 1 + 26+1 s 5 (mod 10) or 2" -1 = 1 + 26+l = 7 (mod 10).
